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Abstract
This paper concerns the study of the Bell polynomials and the binomial type sequences. We mainly establish some relations
tied to these important concepts. Furthermore, these obtained results are exploited to deduce some interesting relations concerning
the Bell polynomials which enable us to obtain some new identities for the Bell polynomials. Our results are illustrated by some
comprehensive examples.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The Bell polynomials extensively studied by Bell [3] appear as a standard mathematical tool and arise in combina-
torial analysis [12]. Moreover, they have been considered as important combinatorial tools [11] and applied in many
different frameworks from, we can particularly quote : the evaluation of some integrals and alterning sums [6,10]; the
internal relations for the orthogonal invariants of a positive compact operator [5]; the Blissard problem [12, p. 46]; the
Newton sum rules for the zeros of polynomials [9]; the recurrence relations for a class of Freud-type polynomials [4]
and many others subjects.
This large application of the Bell polynomials gives a motivation to develop this mathematical tool.
The aim of the present paper is to propose, some results tied to the Bell polynomials and to the sequences of binomial
type. Our main results are then used to derive some new identities for the Bell polynomials.
The rest of this paper is divided into three sections. In the second section, we give some known deﬁnitions and
formulas. In the third section, we derive some relations between the Bell polynomials and the sequences of binomial
type and we deduce some new identities for the partial Bell polynomials. The fourth section concerns some formulas
for the Bell polynomials, for relations related the Bell polynomials and for the successive derivatives of the binomial
type sequences.
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2. Deﬁnition
Recall that a family of polynomials {fn(x)} is said to be of binomial type if it obeys to the binomial identity
fn(x + y) =
n∑
k=0
(
n
k
)
fk(x)fn−k(y).
The (exponential) partial Bell polynomials Bn,k(x1, x2, . . . , xn−k+1) are deﬁned by
∞∑
n=k
Bn,k(x1, x2, . . . , xn−k+1)
tn
n! =
1
k!
( ∞∑
m=1
xm
tm
m!
)k
and they are given by the formula
Bn,k(x1, x2, . . . , xn−k+1) =
∑ n!
c1!c2!...
(x1
1!
)c1(x2
2!
)c2 · · · ,
where the summation takes place over all integers c1, c2, . . . 0, such that{
c1 + 2c2 + 3c3 + · · · = n,
c1 + c2 + c3 + · · · = k.
The (exponential) complete Bell polynomials are given by
An(x1, . . . , xn) =
∑
c1+2c2+3c3+···=n
n!
c1!c2! · · ·
(x1
1!
)c1(x2
2!
)c2 · · ·
from which, it follows that
An(x1, . . . , xn) =
n∑
k=1
Bn,k(x1, . . . , xn−k+1) for n1 with A0 = 1.
Now, to give a basic mathematical tool for this work, let {fn(x)} be a binomial type sequence with f0(x) = 1, where n
is a non-negative integer.
It is well-known that fn(x) must be a polynomial with degree n and then it is easy to verify that fn(x) can be written,
for n1, in the form
fn(x) =
n∑
k=1
Bn,k(x1, . . . , xn−k+1)xk = An(xx1, . . . , xxn) (1)
for some real sequence (xn)n1, see [13, p. 82].
Then, from (1), we can verify that the sequence {xn} satisﬁes
xn = f ′n(0), (2)
where f ′(x) or Dt=x(f (t)) denotes the derivative of f evaluated at t = x.
For the next, f (k) (x) or Dkt=x(f (t)) denotes the kth derivative of f evaluated at t = x. For further details concerning
the Bell polynomials and the binomial type sequences, see [1,7,8,11,13].
3. Bell polynomials and binomial type sequences
In this section, we give three propositions which establish some important relations between the Bell polynomials
and the binomial type sequences. Furthermore, we use these propositions to develop new identities which are illustrated
by many examples.
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Proposition 1. Let {fn(x)} be a binomial type sequence with f0(x)=1. Then, for all real numbers a, b and all integers
n, k: nk1, we have
Bn,k
(
f0(b), . . . , i
bf i−1(a(i − 1) + b)
a(i − 1) + b , . . .
)
=
(
n
k
)
bkf n−k(a(n − k) + bk)
a(n − k) + bk . (3)
Proof. Put f (t)b =∑∞n=0fn(b)(tn/n!). Then by the methods of Umbral Calculus, we ﬁnd the xk’s of g(t) = tf (t)b
[13, p. 82]:
〈g(t)|xn〉 = 〈tf (t)b|xn〉 = 〈f (t)b|xn−1〉 = n!fn−1(b)
(n − 1)! = nf n−1(b)
and, in similar way, we ﬁnd the Bn,k’s:
Bn,k(1, . . . , if i−1(b), . . .) =
1
k! 〈g(t)
k|xn〉
= 1
k! 〈t
kf (t)bk|xn〉
= n!
k! 〈f (t)
bk|xn−k〉
= n!
k!
fn−k(bk)
(n − k)!
Bn,k(1, . . . , if i−1(b), . . .) =
(
n
k
)
fn−k(bk). (4)
The Lagrange inversion formula (LIF) ensures that, for every function F analytic about zero, we have
[tn]F((t)) = 1
n
[tn−1]F ′(t)(t)n where = t().
Then for F(t) = (f (t))x and (t) = f (t)a we have
[tn]F((t)) = 1
n
[tn−1] d
dt
f (t)xf (t)an
= x
n
[tn−1]f ′(t)f (t)x−1+an
= x
an + x [t
n]f (t)an+x
= x
an + x fn(an + x),
where we applied in both directions the rule [tn]f (t)= (1/n)[tn−1]f ′(t). It follows that the sequence {hn(x) : n ∈ N}
deﬁned by
hn(x) =
{ x
an + x fn(an + x) if n = 0,
1 if n = 0
(5)
is of binomial type (another proof is given in [14]).
The identity 3 results by using the last sequence in the identity 4. 
As particular cases of this result, we can mention the following existing results: for a = 0 and b = 1, we obtain
Theorem 6 in [2] and for a = b = 1, we obtain Theorem 3 in [2].
In the following, s(n, k) and S(n, k) denote the Stirling numbers of the ﬁrst and the second kind, respectively,
and |s(n, k)| denotes the absolute Stirling numbers of ﬁrst kind. The following examples give some applications of
Proposition 1.
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Example 1. fn(x) = xn:
Bn,k(1, . . . , ib(a(i − 1) + b)i−2, . . .) =
(
n
k
)
bk(a(n − k) + bk)n−k−1.
As particular cases:
for a = 0, we obtain the identity of Roman [13, p. 85],
for (a, b) = (0, 1), we have the Idempotent number, see [7, p. 91], and
for a = b, we obtain Corollary 4 in [2].
Example 2. fn(x) = [x]n := x(x − 1) . . . (x − n + 1) :
Bn,k(1, . . . , ib[a(i − 1) + b − 1]i−2, . . .) =
(
n
k
)
bk[a(n − k) + bk − 1]n−k−1.
Then, for a = b = 1, we get the Lah number, see [13, p. 86, 7, p. 135].
Example 3. fn(x) = [x]n := x(x + 1) . . . (x + n − 1):
Bn,k(1, . . . , ib[a(i − 1) + b + 1]i−2, . . .) =
(
n
k
)
bk[a(n − k) + bk + 1]n−k−1.
Then, for (a, b) = (0, 1), we get the identity of [13, p. 86] , see also [7, p. 135].
Example 4. fn(x) = Bn(x) : =∑nn=1S(n, k)xk:
Bn,k
(
1, . . . , i
bBi−1(a(i − 1) + b)
a(i − 1) + b , . . .
)
=
(
n
k
)
bkBn−k(a(n − k) + bk)
a(n − k) + bk .
Then, for (a, b) = (0, 1), we obtain the Corollary 7 in [2].
Other identities can be obtained when we take fn(x) one of the following binomial type sequences:
L(x−1)n (xt), xn/2Hn(t
√
x) or C(x)n (t), (6)
where Hn(t), L()n (t) and C()n (t) represent, respectively, the Hermite, Laguerre and Gegenbauer polynomials.
The following proposition gives a second relation which is to be used below to derive other new identities.
Proposition 2. Let {fn(x)} be a binomial type sequence with f0(x)=1. Then, for all real numbers a, b and all integers
n, k : nk1, we have
Bn,k
(
f1(a + b)
a + b , . . . ,
fi(ai + b)
ai + b , . . .
)
= 1
k!bk−1
k∑
j=0
(
k
j
)
j (−1)k−j fn(an + bj)
an + bj
for b = 0 and
Bn,k
(
f1(a)
a
, . . . ,
fi(ai)
ai
, . . .
)
= 1
(k − 1)!
n∑
j=k
(an)j−k
(j − k)!
f
(j)
n (0)
j
. (7)
Proof. Put f (t)b =∑∞n=0fn(b)tn/n!. Then by the methods of Umbral Calculus, we ﬁnd the xk’s of g(t)= f (t)b − 1:
〈g(t)|xn〉 = 〈f (t)b − 1|xn〉 = 〈f (t)b|xn〉 − 〈1|xn〉 = fn(b) for n1
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and by using the partial Bell polynomials we get
Bn,k(f1(b), . . . , fi(b), . . .) = 1
k! 〈g(t)
k|xn〉
= 1
k! 〈(f (t)
b − 1)k|xn〉
= 1
k!
k∑
j=0
(
k
j
)
(−1)k−j 〈f (t)bj |xn〉,
Bn,k(f1(b), . . . , fi(b), . . .) = 1
k!
k∑
j=0
(
k
j
)
(−1)k−j fn(bj). (8)
The ﬁrst part of (7) results by replacing in (8) the sequence {fn(x)} by the sequence {hn(x)} deﬁned above. To prove
the second part of (7), by using (1) and the methods of Umbral Calculus, we ﬁnd the xk’s of hn(t) to have
〈hn(t)|xr 〉 =
〈
t
an + t fn(an + t)|x
r
〉
=
n∑
j=1
(
n
j
)
Bn,j (x1, x2, . . .)〈t (an + t)j−1|xr 〉
=
n∑
k=1
⎡
⎣ n∑
j=k
(
k − 1
j − 1
)
(an)j−kBn,j (x1, x2, . . .)
⎤
⎦ 〈tk|xr 〉
=
n∑
j=r
(
r − 1
j − 1
)
(an)j−rBn,j (x1, x2, . . .)
and, from (1) and (2) we have
〈hn(t)|xr 〉 = Bn,r (y1, y2, . . .) with yi = h′i (0) =
fi(ai)
ai
.
The two last expressions of 〈hn(t)|xr 〉 give
Bn,r (y1, y2, . . .) =
n∑
j=r
(
r − 1
j − 1
)
(an)j−rBn,j (x1, x2, . . .).
Then, when we use (1) to replace in the last expression Bn,j (x1, x2, . . .) by f (j)n (0)/j ! and we replace Bn,r (y1, y2, . . .)
by Bn,r (f1(a)/a, . . . , fi(ai)/ai, . . .), the second part of (7) follows. 
For example, from Proposition 2 we obtain:
Example 5. Let b = 0 and fn(x) = xn:
Bn,k(1, . . . , (ai)i−1, . . .) =
(
n − 1
k − 1
)
(an)n−k ,
Bn,k(1, . . . , (ai + b)i−1, . . .) = 1
k!bk−1
k∑
j=0
(
k
j
)
(−1)k−j j (an + bj)n−1.
The ﬁrst identity is a particular case of Example 1 when a = b, for a = 0 in the second identity we get the identity of
Roman [13, p. 85] and for a = b = 1 we get the Idempotent number, see [7, p. 91].
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Example 6. Let b = 0 and fn(x) = [x]n:
Bn,k(1, . . . , [ai − 1]i−1, . . .) =
n−k∑
j=0
(
j + k − 1
k − 1
)
(an)j s(n, j + k),
Bn,k(1, . . . , [ai + b − 1]i−1, . . .) = 1
k!bk−1
k∑
j=0
(
k
j
)
j (−1)k−j [an + bj − 1]n−1.
Take a = b = 1 in the second identity, then from Example 1 it follows that the Lah numbers satisfy
Bn,k(1!, 2!, 3!, . . .) = n!
k!
k∑
j=1
(
k
j
)(
n + j − 1
j − 1
)
(−1)k−j = n!
k!
(
n − 1
k − 1
)
and for a = 1, it follows from the ﬁrst identity and from [7, p. 135] that
Bn,k(0!, 1!, 2!, . . .) =
n−k∑
j=0
(
j + k − 1
k − 1
)
nj s(n, j + k) = |s(n, k)|.
Example 7. Let b = 0 and fn(x) = [x]n:
Bn,k(1, . . . , [ai + 1]i−1, . . .) =
n−k∑
j=0
(
j + k − 1
k − 1
)
(an)j |s(n, j + k)|,
Bn,k(1, . . . , [ai + b + 1]i−1, . . .) = (−1)
k
k!bk−1
k∑
j=0
(
k
j
)
j (−1)j [an + bj + 1]n−1.
Then for a = −1, it follows, from the ﬁrst identity and from [13, p. 86], that
Bn,k(0!,−1!, 2!,−3!, . . .) =
n−k∑
j=0
(
j + k − 1
k − 1
)
(−n)j |s(n, j + k)| = s(n, k).
Example 8. Let b = 0 and fn(x) = Bn(x) =∑nn=1S(n, k)xk:
Bn,k
(
1, . . . ,
Bi(ai)
ai
, . . .
)
= 1
(k − 1)!
n∑
j=k
(an)j−k
(j − k)!
S(n, k)
j
,
Bn,k
(
1, . . . ,
Bi(ai + b)
ai + b , . . .
)
= (−1)
k
k!bk−1
k∑
j=0
(
k
j
)
j (−1)j Bn(an + bj)
an + bj .
Other identities can be obtained by using the sequences given in (6).
Indeed, the following proposition gives a relation tied to the binomial type sequences and the complete Bell polyno-
mials which we will use below to derive new identities for the complete Bell polynomials.
Proposition 3. Let {fn(x)} be a binomial type sequence with f0(x) = 1. Then, for all real numbers a, b with a = 0
and all integer n, we have
An
(
bf 1(a)
a
, . . . ,
bf i(ai)
ai
, . . . ,
bf n(an)
an
)
= bf n(an + b)
an + b . (9)
Proof. From (1) and (2), we get An(bf ′1(0), . . . , bf ′n(0)) = fn(b). Then to obtain (9) it sufﬁces to use the binomial
type sequence {hn(b)} deﬁned above in place of {fn(b)}. 
2456 M. Mihoubi /Discrete Mathematics 308 (2008) 2450–2459
Example 9. The binomial sequences xn, [x]n, [x]n and Bn(x) imply
An(b, . . . , b(ai)
i−1, . . . , b(an)n−1) = b(an + b)n−1,
An(b, . . . , b[ai − 1]i−1, . . . , b[an − 1]n−1) = b[an + b − 1]n−1,
An(b, . . . , b[ai + 1]i−1, . . . , b[an + 1]n−1) = b[an + b + 1]n−1,
An
(
bB1(a)
a
, . . . ,
bBi(ai)
ai
, . . . ,
bBn(an)
an
)
= bBn(an + b)
an + b .
4. Some formulas for the Bell polynomials
In this section, we derive some formulas for the Bell polynomials. In addition, we deduce some relations tied to the
Bell polynomials and the successive derivatives of binomial type sequences. The main results can be used to determine
several identities from one known identity (of the Bell polynomials). Some examples are given.
Proposition 4. Let {xn} be a sequence such that ∑∞n=1xn(zn/n!) is analytic about zero with x1 = 1. Then, for all
integers n, k, r, s : nk1, r, s0, we have
Bn,k
⎛
⎜⎜⎝B(s, s), . . . , isr(i − 1) + s B((r + 1)(i − 1) + s, r(i − 1) + s)( (r + 1)(i − 1) + s
r(i − 1) + s
) , . . .
⎞
⎟⎟⎠
=
(
n
k
)
sk
r(n − k) + sk
B((r + 1)(n − k) + sk, r(n − k) + sk)(
(r + 1)(n − k) + sk
r(n − k) + sk
) , (10)
where B(n, k) = Bn,k(x1, . . . , xn−k+1).
Proof. Let f (z) =∑∞n=0(xn+1/(n + 1))(zn/n!) := ∑∞n=0fn(1)(zn/n!) and (f (z))x := ∑∞n=0fn(x)(zn/n!). Then f
is an analytic function around zero and the sequence {fn(x)} is of binomial type. Now, the identity 4 implies that
fn(k) =
(
n + k
k
)−1
Bn+k,k(x1, . . . , xn+1), n0, k1 (11)
and, for a = r and b = s, the identity 3 becomes
Bn,k
(
f0(s), . . . , i
sf i−1(r(i − 1) + s)
r(i − 1) + s , . . .
)
=
(
n
k
)
ksf n−k(r(n − k) + ks)
r(n − k) + ks .
Therefore, to obtain (10), it sufﬁces to use (11) to express fi−1(r(i − 1) + s) and fn−k(r(n − k) + ks) by the partial
Bell polynomials in the last identity. 
For example, from the identity Bn,k(1!, 2!, . . . , i!, . . .) =
(
n−1
k−1
)
n!/k!, we obtain
Bn,k
(
1, . . . , is
((r + 1)(i − 1) + s − 1)!
(r(i − 1) + s)! , . . .
)
= sk
(
n
k
)
((r + 1)(n − k) + sk − 1)!
(r(n − k) + sk)! .
Similar identities can be obtained from the well-known identities:
Bn,k(0!,−1!, 2!, . . .) = s(n, k), Bn,k(0!, 1!, 2!, . . .) = |s(n, k)|,
Bn,k(1, 1, 1, . . .) = S(n, k), Bn,k(1, 2, 3, . . .) =
(
n
k
)
kn−k etc.
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Now, we are able to provide, using the successive derivatives of the binomial type sequences, another version of
Proposition 4, which is given by the following corollary.
Corollary 5. Let {fn(x)} be a binomial type sequence with f0(x)= 1. Then, for all integers n, k, r, s: nk1, r0,
s0, we have
Bn,k
(
f (s)s (0), . . . ,
i!s
r(i − 1) + s
f
(r(i−1)+s)
(r+1)(i−1)+s(0)
((r + 1)(i − 1) + s)! , . . .
)
= n!
k!
sk
r(n − k) + sk
f
(r(n−k)+sk)
(r+1)(n−k)+sk(0)
((r + 1)(n − k) + sk)! . (12)
Proof. It sufﬁces to replace in (10) xi by f ′i (0) and B(n, k) by f (k)n (0)/k!. 
As an example, we can choose for f (k)n (0) one of the next expressions:
Dkx=0([x]n), Dkx=0(xn/2Hn(t
√
x)), Dkx=0(L
(x−1)
n (xt)) or D
k
x=0(C
(x)
n (t)).
Proposition 6. Under the assumptions of the Proposition 4, we have for s1
Bn,k
⎛
⎜⎜⎝B(r + s + 1, r + s)(r + s + 1)(r + s) , . . . , B((r + 1)i + s, ri + s)
(ri + s)
(
(r + 1)i + s
ri + s
) , . . .
⎞
⎟⎟⎠
= 1
k!sk−1
k∑
j=0
(−1)k−j
(
k
j
)
j
rn + sj
B((r + 1)n + sj, rn + sj)(
(r + 1)n + sj
rn + sj
) , (13)
where B(n, k) = Bn,k(x1, . . . , xn−k+1).
Proof. Use (3) and (7) to proceed as in the proof of the Proposition 4. 
Another version of Proposition 6 is given by the following corollary.
Corollary 7. Under the assumptions of Corollary 5 with s1, we have
Bn,k
(
f
(r+s)
r+s+1(0)
(r + s + 1)!(r + s) , . . . ,
i!
ri + s
f
(ri+s)
(r+1)i+s(0)
((r + 1)i + s)! , . . .
)
= 1
sk−1
n!
(k − 1)!
k∑
j=0
(
k
j
)
j (−1)k−j
rn + sj
f
(rn+sj)
(r+1)n+sj (0)
((r + 1)n + sj)! . (14)
Proof. Similar to the proof of Corollary 5. Use (13) instead (10). 
Another formula is given by the following proposition. This can be used to derive several identities for the complete
Bell polynomials from one known identity of the partial Bell polynomials.
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Proposition 8. Let {xn} be deﬁned as in Proposition 4. Then, for all integers n, r, s : n, r1, s0, we have
An
⎛
⎜⎜⎝ sB(r + 1, r)r(r + 1) , . . . , srn B((r + 1)n, rn)( (r + 1)n
rn
)
⎞
⎟⎟⎠
= s
rn + s
B((r + 1)n + s, rn + s)(
(r + 1)n + s
rn + s
) , (15)
where B(n, k) = Bn,k(x1, x2, . . .).
Proof. Let {fn(x)} be deﬁned as in the proof of Proposition 4 and let yi =f ′i (0). Then in Proposition 3 by setting b= s
and a = r we get
An
(
sf 1(r)
r
, . . . ,
sf i(ri)
ri
, . . . ,
sf n(rn)
rn
)
= sf n(rn + s)
rn + s (16)
and from (11) we get
fi(ri) = B((r + 1)i, ri)(
(r + 1)i
ri
) and fn(rn + s) = B((r + 1)n + s, rn + s)(
(r + 1)n + s
rn + s
) .
Then (15) follows by replacing fi(ri) and fn(rn + s) in (16). 
Remark 1. We can construct many examples from any known identity (of the partial Bell polynomials) or from any
identity derived from Propositions 4 and 6 or from Corollaries 5 and 7. The identities given in Example 9 can be
obtained from the last proposition by using the identities of Examples 1–4.
Now, similarly to the above corollaries, the last proposition possesses an other version given by the following
corollary.
Corollary 9. Let {fn(x)} be a binomial type sequence with f0(x) = 1. Then for all integers n, r, s: n, r1, s0, we
have
An
(
s
r
f
(r)
r+1 (0)
(r + 1)! , . . . ,
s
r
(i − 1)!f (ri)(r+1)i (0)
((r + 1)i)! , . . .
)
= n!s
rn + s
f
(rn+s)
(r+1)n+s (0)
((r + 1)n + s)! . (17)
Proof. It sufﬁces to replace in (15) xi by f ′i (0) and B(n, k) by f (k)n (0)/k!. 
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